Mode I steady crack growth is analyzed to determine the toughening due to domain switching in ferroelectric ceramics with electric field applied parallel to the crack front. A multi-axial, electromechanically coupled, incremental constitutive theory is applied to model the material behavior of the ferroelectric ceramic. The constitutive law is then implemented within the finite element method to study steady crack growth. The effects of electric field on the fracture toughness of both initially unpoled and poled materials are investigated. Results for the predicted fracture toughness, remanent strain and remanent polarization distributions, and domain switching zone shapes and sizes are presented. The effects of the plane-strain constraint are also established. Finally, the model predictions are discussed in comparison to recent experimental observations.
Introduction
This work is motivated by recent experimental and theoretical investigations on the effects of electric field on the fracture toughness of ferroelectrics. The investigations presented here have focused on the specific case where the electric polarization and electric field in the sample are in the out-of-plane direction parallel to the crack front as illustrated in Figure 1 . Meschke et al. [5] and Kolleck et al. [6] have observed experimentally that the steady-state fracture toughness of ferroelectrics increases with the increase of applied electric field for an initially unpolarized specimen. Additionally, Lucato et al. [7] and Hackemann and Pfeiffer [8] have observed that out-of-plane poling has practically no effect on the fracture toughness of ferroelectrics when the out-of-plane electric field is zero. Recent theoretical explanations of these phenomena have focused on the role of domain switching in the toughening process. Kolleck et al. [6] and Yang et al. [9] treat domain switching with the concepts developed for transformation toughening in partially stabilized zirconia [10, 11] to analyze the fracture toughening behavior. Kreher [12] proposed a fracture model based on the balance of energy supplied by the driving forces and the total energy either dissipated by domain switching, stored in the crack wake region or consumed by the formation of new fracture surface. For these proposed theories either the details of the mechanical and electrical coupling behavior of the material is neglected or the calculation of the complicated crack tip electromechanical fields is avoided. The model to be presented in this work intends to amend these simplifications by applying a recently developed phenomenological constitutive law for ferroelectric switching within the finite element method to determine the details of the crack tip fields and the toughening due to domain switching during steady crack growth.
Constitutive model
The nonlinear constitutive response of ferroelectric materials is a result of the mechanism of domain switching. A summary of the recent developments on micro-electromechanical and phenomenological constitutive modeling of ferroelectrics can be found in Kamlah [13] and Landis [14] . The phenomenological constitutive model used for these fracture calculations is based on the work of Landis and co-workers [15] [16] [17] . This constitutive model has been verified against experimental observations and micro-electromechanical self-consistent simulations based on the model of Huber et al. [18] . Details for the formulation of the model required to investigate in-plane mechanical loading with out-of-plane electrical loading are presented in Wang and Landis [19] . Features of the constitutive response for the model material used in the fracture simulations are shown in Figure 1 below. Figure 2 . A schematic of the outof-plane electrical and in-plane mechanical configuration to be modeled in this work. For any given sample, the electric field and remanent polarization are aligned in x 3 direction.
The fracture model and finite element formulation
A schematic of the geometry and loading to be modeled here is shown in Figure 1 . Two types of initial electrical states will be considered in this work: initially unpoled and initially poled states. The initially unpoled samples begin in the thermally depolarized state of the material. The initially poled samples are poled by applying a uniaxial electric field in the x 3 direction to a level of E 3 p and then removing the applied field. Note that the poling field E 3 p must be greater than the coercive field E 0 in order to induce remanent polarization. This entire electrical loading procedure is performed in the absence of mechanical stress. The poling process induces both residual remanent polarization and strain in the material as referenced from the thermally depolarized state. Figure 1 remanent parts as given by Equations (2.4) and (2.5). The final step in the loading process is to apply the in-plane mechanical loads while keeping the out-of-plane electric field fixed at the level attained in the previous step. Under plane-strain conditions the out-of-plane axial strain ε 33 is assumed to remain unchanged from its state after the electrical loading step, i.e. ε 33 = ε 33 0 .
Steady crack growth then occurs while the in-plane mechanical loads are applied. During crack growth, small scale switching will be assumed such that the representative height of the nonlinear switching zone near the crack tip is much smaller than any other characteristic specimen dimension such as crack length, specimen width or ligament width. Furthermore, under plane-strain conditions it is assumed that the specimen thickness is much greater than the switching zone size as well. The assumption of small scale switching will not be valid when the applied out-of-plane electric field is of sufficient magnitude to cause switching itself. However, it is assumed here that the in-plane applied mechanical loads can still be characterized by a Mode I K-field. Under these conditions a characteristic switching zone halfheight, R s , can be identified as
Here K I is the mode I stress intensity factor. Within the small scale switching approximation, the far field behavior of the solution surrounding the switching zone must asymptotically match the stresses given by the near tip elastic crack tip field. Under small scale switching conditions the prevailing mechanical conditions that govern the nonlinear behavior near the crack tip due to the geometry and far field loading of a sample are completely characterized by K I . Furthermore, the applied energy release rate, G , is related to K I as
where ′ E = E for plane-stress and
The analysis presented in this paper will focus only on the toughening due to domain switching during the steady crack growth conditions described above. Within the model, crack propagation will be assumed to occur when the crack tip energy release rate G tip reaches a critical value. In order to compute the relationship between the steady state far field applied energy release rate G ss and G tip , a steady state finite element formulation is implemented, see Wang and Landis [19] . Under steady-state conditions, G tip can be calculated using a formula similar to Hutchinson's I-integral [20] as
where S is a surface enclosing the crack tip, n i are the components of the unit normal directed outward from the surface, u i are the components of the displacement vector, D i are the components of the electric displacement vector, E 1 is the electric field in x 1 direction, and W is the history dependent electric enthalpy density at a material point defined by
In general Equation (3.3) is a surface integral instead of a contour integral because electrical energy can enter the system from the electrodes attached to the surface of the specimen. However, due to the fact that E 1 = E 2 = 0 and E 3 is constant throughout the calculation, Equation (3.3) can be simplified to a contour integral as
For a traction-free crack, the contour Γ begins on the lower crack face, encircles the crack tip in the counterclockwise sense, and ends on the upper crack face. The calculation of G tip is carried out after the finite element solution is obtained. 
Results
The goal of this paper is to investigate the influence of the electric field on the fracture behavior of ferroelectric materials when the electric field or the poling direction is applied parallel to the crack front. Two cases of electrical loading will be considered here, the initially unpoled and initially poled cases. After electrical loading of either case, the electric field E 3 is kept constant and the initial strain and polarization state is attained for the fracture simulation, after which the mechanical load is applied.
The primary result from each steady crack growth calculation is the ratio of the far field applied energy release rate, G ss , to the crack tip energy release rate G tip . Within the model it is assumed that crack growth occurs when G tip reaches the intrinsic fracture toughness of the material G 0 . Hence the ratio G ss G 0 indicates the amount of toughening due to domain switching, with G ss G 0 = 1 corresponding to no toughness enhancement or R-curve behavior. With regard to R-curve behavior, G 0 should be interpreted as the applied energy release rate where crack growth first begins, and G ss is the steady state or plateau level of the applied energy release rate after sufficiently large amounts of crack growth. Figure 4 shows the ratio of G ss G 0 versus the applied out-of-plane electric field for a range of initial poling states. The cases associated with the solid bold curve and the dashed bold curve will be discussed first, as these cases practically envelop the others and form an inverted butterfly loop. The solid and dashed regions of the inserted hysteresis and butterfly loops in the upper left and right hand corners correspond to the solid and dashed portions of the inverted toughness butterfly loop.
Consider a thermally depolarized material poled by a uniaxial out-of-plane electric field of magnitude 3E 0 . The states of electric displacement and strain for this material can be found at the upper right corners of the hysteresis loops in Figures 1a and 1b. Then, keeping this level of applied electric field fixed, steady crack growth occurs at an applied energy release rate of G ss = 1.54G 0 . This level of toughening is the lowest depicted on Figure 3 . However, if the applied electric field was larger, the steady state toughness would decrease even farther, approaching G 0 as E 3 → ∞ . The reason for this behavior is that for materials with out-of-plane remanent polarization, an applied electric field in the same direction as the polarization tends to inhibit domain switching. In other words, the alignment of the polar domains with the electric field is an energetically favorable state. Since it is the domain switching process that gives rise to the dissipation of energy and the increase in fracture toughness, any phenomenon that inhibits switching will also tend to decrease the fracture toughness. The remainder of the bold dashed curve is obtained by first poling the material with an electric field of E 3 p = 3E 0 , then reversing the electric field to a lower or negative level of E 3 , and finally applying the in-plane mechanical loading to produce steady crack growth. During this type of initial electrical loading the electric displacement and strain behavior of the material traces out the outermost hysteresis loops depicted in Figures 1a and 1b and in the inserted plots in the upper left and right hand corners of Figure 3 . As the electric field is removed, the inhibiting effect of the field on domain switching decreases and hence the fracture toughness increases. Furthermore, when the electric field is reversed sufficiently it actually enhances the driving force for domain switching and the fracture toughness of the material increases dramatically. In fact, the spikes or "butterfly legs" of the toughness versus electric field curve in Figure 3 correspond to the legs of the butterfly loops in Figure 1b and the steep regions of the hysteresis loop in Figure 1a . However, if the reversal of the initial applied electric field is large enough, then the initial polarization of the material will be reversed as well, and the case where the polarization and electric field are aligned is revisited. Hence, as the initial electric field is driven to large negative levels, it will again inhibit domain switching and cause low values of the steady state fracture toughness. Finally, the bold solid curve is a mirror image of the bold dashed curve and is obtained by poling in For all cases the initial poling field is removed and no subsequent electric field is applied.
the negative out-of-plane direction first. Notice that points A and B are denoted on the three loops in this figure in order to aid in the understanding of the correlation between the fundamental electromechanical constitutive behavior and the fracture toughness predictions. One observation of the results displayed on Figure 3 that is somewhat counterintuitive is the fact that under no applied electric field the toughness enhancement of the poled samples is actually very slightly smaller than the toughness enhancement for the unpoled sample. This results is counterintuitive because one would expect that the poling process would create an out-of-plane remanent state that would allow for an increased amount of dissipation from domain switching due to in-plane mechanical loads. For example, an unpoled material loaded by an in-plane tensile stress can have a maximum inplane change in remanent strain of approximately 1.37ε c . Whereas, a material fully poled out-of-plane can have a maximum in-plane change of remanent strain of approximately 2.06ε c . Hence, it would appear that the poled material has a greater propensity for domain switching, dissipation and increased toughening. However, this is not the case, and the reason is due to the out-of-plane mechanical loading imposed by the σ 33 stress component arising from the plane-strain constraint. As with an applied out-of-plane electric field, domains poled out-of-plane are in a low energy state with a tensile out-of-plane stress σ 33 . If domains aligned in the out-of-plane direction are switched towards an in-plane direction, this switching process will cause a negative out-of-plane strain. In order to enforce the plane-strain constraint a tensile σ 33 stress will be induced by such a switching process. Therefore, the plane-strain constraint impedes domain switching in poled materials and hence the full potential toughness enhancement cannot be achieved.
In order to verify and quantify the effects of the plane-strain constraint on the toughness enhancement, simulations were performed with no applied electric field on samples with differing levels of partial poling under both plane-strain and plane-stress conditions. Results for the toughness enhancement versus the level of the partial poling field are displayed on Figure 4 . Note that the poling field of E 3 p = E 0 does not cause any change in remanency and so this level of poling field also corresponds to the unpoled case. Also, both of the curves in Figure 4 are practically flat for E 3 p ≥ 2E 0 . From this figure it is clear that the out-of-plane mechanical constraint plays a significant role on the fracture toughness. Under plane-strain conditions the toughness behavior has a very weak dependence on the level of partial poling, while for plane-stress, i.e. σ 33 = 0 , the toughness increases as the material is more fully poled. Hence, the common intuition that the toughness enhancement correlates with the potential for in-plane switching is valid for plane-stress but not for the plane-strain out-of-plane constraint.
Discussion
The model presented here differs from previous theoretical explanations of the effects of electric field and polarization on the fracture toughness of ferroelectrics in that an incremental, micro-electromechanically tested, phenomenological constitutive law has been applied instead of a discrete switching law. Additionally, in contrast to applying simplifying assumptions associated with most transformation toughening models, the details of the electromechanical fields have been obtained from finite element computations. The fields computed in this work include both the perturbing influences of ferroelectric switching and the changing piezoelectric effect that results from such switching. The detailed constitutive model applied in this work has allowed for both qualitative and quantitative characterizations of the effects of electric field on the toughening due to domain switching in ferroelectric ceramics. The model predicts a range of phenomena that indicate that the toughening is dependent on both the level of electric filed parallel to the crack front and on the polarization state. For poled materials, an electric field applied in the same direction as the polarization tends to inhibit domain switching and toughening, whereas an electric field applied opposite to the polarization directions enhances switch toughening. For initially unpoled materials, applied electric fields below the coercive field level enhance the fracture toughness of the material. As a complement to these qualitative characterizations, the quantitative predictions of the model allow for a direct comparison to some recent experimental studies.
Due to the fact that it is in contrast to conventional wisdom concerning toughening due to domain switching, the most interesting result from the model simulations is that, without an applied electric field, the toughness of an initially unpoled material is very similar to that of a material poled parallel to the crack front. For the material parameters characteristic of a soft PLZT material the model simulations have predicted that G ss = 2.87G 0 for the unpoled material and G ss = 2.80G 0 for the fully poled material. Measurements by Hackemann and Pfeiffer [8] on a soft PZT material indicate that the toughness enhancements for both poled and unpoled samples is in the range approximately G ss = 3G 0 − 4G 0 . Furthermore, Lucato et al. [7] have made similar measurements on a PZT 151 composition and found that the toughness of unpoled samples is approximately G ss = 2.1G 0 and that of poled samples (with short-circuited electrodes on the out-of-plane surfaces) is approximately G ss = 1.9G 0 . Hence, experiments suggest that if there is any difference between the toughening of poled and unpoled samples, then the poled specimens actually incur less toughening due to domain switching than unpoled samples. The present model predicts this behavior as well. Furthermore, it was shown that the out-of-plane mechanical constraint, i.e. planestrain versus plane-stress, is the fundamental reason for this behavior.
Ultimately, the present model predicts a range of interesting effects of electric field applied parallel to the crack front on the fracture toughness, or more specifically the toughening during R-curve behavior due to domain switching during crack growth. The qualitative "shape" of the toughness enhancement versus applied electric field forms an inverted butterfly loop that correlates directly with the strain versus electric field butterfly hysteresis loop during uniaxial electrical loading. The model predicts the unintuitive behavior that the fracture toughness of a material poled out-of-plane is comparable to the toughness of an initially unpoled material. This prediction has previously been confirmed experimentally. It was demonstrated that this behavior is primarily due to the out-of-plane mechanical constraint imposed by plane strain conditions.
